Assembly accuracy significantly affects the performance of precision mechanical systems. In this study, an entropy-based evaluation method for contact strain-energy distribution is proposed to predict the assembly accuracy. Strain energy is utilized to characterize the effects of the combination of form errors and contact deformations on the formation of assembly errors. To obtain the strain energy, the contact state is analyzed by applying the finite element method (FEM) on 3D, solid models of real parts containing form errors. Entropy is employed for evaluating the uniformity of the contact strain-energy distribution. An evaluation model, in which the uniformity of the contact strain-energy distribution is evaluated in three levels based on entropy, is developed to predict the assembly accuracy, and a comprehensive index is proposed. The assembly experiments for five sets of two rotating parts are conducted. Moreover, the coaxiality between the surfaces of two parts with assembly accuracy requirements is selected as the verification index to verify the effectiveness of the evaluation method. The results are in good agreement with the verification index, indicating that the method presented in this study is reliable and effective in predicting the assembly accuracy.
Introduction
Current developments in the field of precision mechanical systems, such as machining, measurement, and instrumentation, widely focus on precision assembly. Assembly accuracy significantly affects the performance of precision mechanical systems. To improve the accuracy of the assembly, it is essential to develop precision assembly. Hence, the increasing demand for the development of precision assembly puts a greater emphasis on achieving a better understanding of the formation of assembly errors and its final effect on the assembly accuracy. It is also an urgent problem to find a quantitative evaluation method able to reveal the degree of influence of these assembly errors on the final assembly accuracy.
The factors causing assembly errors are complex, including materials, assembly forces, assembly clearance, fixture error, and so on [1] [2] [3] [4] . It is well understood that the geometry of manufactured surfaces deviates from the ideal design. For precision assembly, the geometrical defect in parts is an unavoidable basic factor, which causes assembly error. The geometric variations affect the location and orientation of mating parts, which significantly influence the final assembly accuracy. Generally, tolerance is used to characterize the geometric variation in the surfaces of parts, and current models analyzing the assembly variation are based on the geometric tolerances of parts [5] [6] [7] [8] . In addition, tolerance is also used to roughly estimate the accuracy of assembly. The tolerance-based variation analysis can provide the range of assembly variation, namely the upper and lower limits of assembly variation. However, for precision assembly, this type of variation analysis method does not reflect the actual assembly error caused by the defects in the parts and is difficult to be used to predict the assembly accuracy. Figure 1 shows four parts with identical tolerances (the flatness), but with different defective features. In accordance with the tolerance-based variation analysis method, the assembly error and the final assembly accuracy for these parts would be the same, but in fact they produce completely different assembly errors and lead to a completely different final assembly accuracy. When part P 2 , having an ideal surface, mates with part P 1 , the assembly errors for Cases (c) and (d) are consistent with the result of the tolerance-based variation analysis. However, in Cases (a) and (b), the assembly errors are considerable and the assembly accuracy is poor, indicating significant inconsistency with the result of the tolerance-based variation analysis, as shown in Figure 2 . analysis can provide the range of assembly variation, namely the upper and lower limits of assembly variation. However, for precision assembly, this type of variation analysis method does not reflect the actual assembly error caused by the defects in the parts and is difficult to be used to predict the assembly accuracy. Figure 1 shows four parts with identical tolerances (the flatness), but with different defective features. In accordance with the tolerance-based variation analysis method, the assembly error and the final assembly accuracy for these parts would be the same, but in fact they produce completely different assembly errors and lead to a completely different final assembly accuracy. When part P2, having an ideal surface, mates with part P1, the assembly errors for Cases (c) and (d) are consistent with the result of the tolerance-based variation analysis. However, in Cases (a) and (b), the assembly errors are considerable and the assembly accuracy is poor, indicating significant inconsistency with the result of the tolerance-based variation analysis, as shown in To explain assembly errors more accurately, researchers established variation-analysis models by considering form errors. Pierce and Rosen [9] constructed a tolerance-analysis model with form errors by creating 3D solid parts with non-uniform rational basis spline (NURBS) surfaces. Samper et al. [10] analyzed the assembly process using a method for solving the 3D assemblies of a pair of surfaces having form errors using static equilibrium solution. Grandjeana et al. [11] proposed a method to analyze the influence of form errors on a rotating plane assembly by synthetizing the surfaces of parts, which have different values and types of form errors and position defects. Zuo et al. [12] analyzed the variation propagation in assembly processes of a precision mechanical system and developed a variation-propagation model considering the form error of mating surfaces. Armillotta et al. [13] proposed a criterion to estimate the effects of form errors on the inclusion of mating datum planes in a tolerance chain.
The aforementioned studies assume that the manufactured parts are rigid, without considering the deformation that may occur during the assembly process. However, in actual assembly processes, assembly forces can deform the contact surfaces of an assembly, thereby changing the location and orientation of the mating parts. Such variations in location and orientation can be regarded as additional assembly errors, which will significantly affect the assembly accuracy. It can be seen from Figure 2 that, if the part is considered rigid, i.e., only the effects of form errors are considered, the assembly errors for Groups (c) and (d) are still consistent with the prediction results of tolerancebased variation. However, based on the assembly force, only two points are in contact in the assembly of Group (d); the deformation of point D2 is greater than that of point D1, which will change the location and orientation of the mating part P2, causing assembly error. In contrast, Group (c) has more contact points, and the deformations at the contact points are relatively consistent; hence, the assembly error is relatively small. Considering the effect of deformation, researchers have discussed the assembly-error analysis and integrated the elastic deformation and displacement of the part. Samper et al. [14] presented four models wherein tolerance was considered in the elastic deformation analysis can provide the range of assembly variation, namely the upper and lower limits of assembly variation. However, for precision assembly, this type of variation analysis method does not reflect the actual assembly error caused by the defects in the parts and is difficult to be used to predict the assembly accuracy. Figure 1 shows four parts with identical tolerances (the flatness), but with different defective features. In accordance with the tolerance-based variation analysis method, the assembly error and the final assembly accuracy for these parts would be the same, but in fact they produce completely different assembly errors and lead to a completely different final assembly accuracy. When part P2, having an ideal surface, mates with part P1, the assembly errors for Cases (c) and (d) are consistent with the result of the tolerance-based variation analysis. However, in Cases (a) and (b), the assembly errors are considerable and the assembly accuracy is poor, indicating significant inconsistency with the result of the tolerance-based variation analysis, as shown in Figure 2 . To explain assembly errors more accurately, researchers established variation-analysis models by considering form errors. Pierce and Rosen [9] constructed a tolerance-analysis model with form errors by creating 3D solid parts with non-uniform rational basis spline (NURBS) surfaces. Samper et al. [10] analyzed the assembly process using a method for solving the 3D assemblies of a pair of surfaces having form errors using static equilibrium solution. Grandjeana et al. [11] proposed a method to analyze the influence of form errors on a rotating plane assembly by synthetizing the surfaces of parts, which have different values and types of form errors and position defects. Zuo et al. [12] analyzed the variation propagation in assembly processes of a precision mechanical system and developed a variation-propagation model considering the form error of mating surfaces. Armillotta et al. [13] proposed a criterion to estimate the effects of form errors on the inclusion of mating datum planes in a tolerance chain.
The aforementioned studies assume that the manufactured parts are rigid, without considering the deformation that may occur during the assembly process. However, in actual assembly processes, assembly forces can deform the contact surfaces of an assembly, thereby changing the location and orientation of the mating parts. Such variations in location and orientation can be regarded as additional assembly errors, which will significantly affect the assembly accuracy. It can be seen from Figure 2 that, if the part is considered rigid, i.e., only the effects of form errors are considered, the assembly errors for Groups (c) and (d) are still consistent with the prediction results of tolerancebased variation. However, based on the assembly force, only two points are in contact in the assembly of Group (d); the deformation of point D2 is greater than that of point D1, which will change the location and orientation of the mating part P2, causing assembly error. In contrast, Group (c) has more contact points, and the deformations at the contact points are relatively consistent; hence, the assembly error is relatively small. Considering the effect of deformation, researchers have discussed the assembly-error analysis and integrated the elastic deformation and displacement of the part. Samper et al. [14] presented four models wherein tolerance was considered in the elastic deformation To explain assembly errors more accurately, researchers established variation-analysis models by considering form errors. Pierce and Rosen [9] constructed a tolerance-analysis model with form errors by creating 3D solid parts with non-uniform rational basis spline (NURBS) surfaces. Samper et al. [10] analyzed the assembly process using a method for solving the 3D assemblies of a pair of surfaces having form errors using static equilibrium solution. Grandjeana et al. [11] proposed a method to analyze the influence of form errors on a rotating plane assembly by synthetizing the surfaces of parts, which have different values and types of form errors and position defects. Zuo et al. [12] analyzed the variation propagation in assembly processes of a precision mechanical system and developed a variation-propagation model considering the form error of mating surfaces. Armillotta et al. [13] proposed a criterion to estimate the effects of form errors on the inclusion of mating datum planes in a tolerance chain.
The aforementioned studies assume that the manufactured parts are rigid, without considering the deformation that may occur during the assembly process. However, in actual assembly processes, assembly forces can deform the contact surfaces of an assembly, thereby changing the location and orientation of the mating parts. Such variations in location and orientation can be regarded as additional assembly errors, which will significantly affect the assembly accuracy. It can be seen from Figure 2 that, if the part is considered rigid, i.e., only the effects of form errors are considered, the assembly errors for Groups (c) and (d) are still consistent with the prediction results of tolerance-based variation. However, based on the assembly force, only two points are in contact in the assembly of Group (d); the deformation of point D 2 is greater than that of point D 1 , which will change the location and orientation of the mating part P 2 , causing assembly error. In contrast, Group (c) has more contact points, and the deformations at the contact points are relatively consistent; hence, the assembly error is relatively small. Considering the effect of deformation, researchers have discussed the assembly-error analysis and integrated the elastic deformation and displacement of the part. Samper et al. [14] presented four models wherein tolerance was considered in the elastic deformation mechanisms. Liu and Hu [15] developed mechanistic-variation simulation models for deformable sheet-metal parts with complex two or three-dimensional free form surfaces using the finite element method (FEM). Liu and Qiao [16] proposed a method of calculating assembly error due to part deformation. Ting et al. [17] established a deviation-calculation model based on the Jacobian-Torsor model, considering both manufacturing and deformation errors.
The aforementioned studies merely focused on the factor of form or deformation errors in assembly error analysis. However, the influence of both form and deformation errors on the formation of assembly error was not addressed. In fact, under assembly forces, form errors may cause a large local contact deformation, resulting in assembly error. Hence, the assembly error is a result of the combination of form errors and contact deformations. Such an assembly error due to the combination of form errors and contact deformations will eventually be stored in the form of strain energy on the contact surface of mating parts. Therefore, the strain energy can characterize the effects of the combination of form errors and contact deformations on the formation of assembly errors. Moreover, Figure 2 shows that, when the assembly accuracy is relatively better, as in Group (c), the effect of form errors and contact deformations on the contact surface A 1 is relatively uniform, i.e., the strain-energy distribution on the contact surface is relatively uniform. In other words, the uniformity of strain-energy distribution can indicate the accuracy of assembly formation. On the other hand, a quantitative method that can evaluate the influence of these assembly errors on the final assembly accuracy has not been addressed. Therefore, in this study, strain energy is employed to characterize the effects of the combination of form errors and contact deformations on the formation of assembly errors. In addition, an evaluation model of strain-energy distribution based on entropy is established as a quantitative method for evaluating the influence of the combination of form errors and contact deformations on the final assembly accuracy, and it can be used to predict assembly accuracy.
Evaluation Model

Definitions
To simplify the following discussion, some basic concepts are defined as follows, as shown in Figure 3 .
1.
Real machined plane with form error is abbreviated as PFE, which is an actual surface.
2.
Part surface layer is abbreviated as PSL, which is the main layer influenced by the assembly force. In addition, PSL is the main occurrence zone of the contact stress and contact deformation.
3.
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Evaluation Method for Contact Strain-Energy Distribution
In this study, strain energy [18] is a potential energy expressed in terms of internal deformation variables. Therefore, strain energy is employed to characterize the combination effect of form errors and contact deformations on the formation of assembly error. As strain-energy distribution can indicate assembly accuracy, we evaluate the uniformity of the strain-energy distribution to predict the assembly accuracy.
Entropy has been widely employed in control theory, image reconstruction, pattern recognition, probability theory, number theory, astrophysics, biology, and medicine [19] [20] [21] [22] [23] [24] [25] [26] [27] . Information entropy has a more general definition than thermodynamic entropy. In information theory, if there is a 
Entropy has been widely employed in control theory, image reconstruction, pattern recognition, probability theory, number theory, astrophysics, biology, and medicine [19] [20] [21] [22] [23] [24] [25] [26] [27] . Information entropy has a more general definition than thermodynamic entropy. In information theory, if there is a discrete random variable X with possible values, {x 1 , . . . , x n }, and probability mass function, P(X), then the entropy H of X is defined as
In terms of an event, x i , it has a probability, p i , i.e., p i = P(X = x i ); r is the base of the logarithm, which usually takes r = 2 [28] [29] [30] [31] [32] [33] (In this study, we take r = 2). The entropy H(X) possesses a maximum property, which implies that the measure will be maximal if all the outcomes are equally likely. Hence, maximum entropy can be written as
From the maximum property of entropy, it can be found that a more disorderly system indicates that the probabilities of all possible values of the random variable are closer to each other, thereby resulting in higher entropy. Therefore, entropy can be used to evaluate probability uniformity of the possible values of a random variable. The evaluation result of the distributed uniformity of the contact strain energy is in line with the characteristics of entropy. The magnitude of strain energy is related to the volume of material selected for calculation, thus, to exclude the effect of volume, a unit volume of the strain energy is employed as the probability of the random variable, i.e., the strain-energy density. For an isotropic, linear, and elastic body, the strain-energy density w can be written as
where σ ij (i, j = x, y, z) and ε ij (i, j = x, y, z) are the components of stress and strain, respectively; x, y, and z are the directions of the three axes. The real PSL is continuous in physical space, but when we divide the PSL into a number of virtual units, they can be considered as a system. The strain-energy densities of each unit are calculated as the probabilities of all possible values of a random variable. We denote the strain energy of each unit as w 1 , w 2 , . . . , w m , where m is the number of units. Considering the non-negativity and completeness of the probability, we normalize w i as follows:
where w i is the strain energy density of the ith unit, and w i is the normalized strain-energy density of the ith unit. The entropy of the strain-energy density is defined as follows:
The corresponding maximum entropy can be expressed as
The normalized entropy can be expressed as
As the normalized entropy increases, the strain-energy distribution becomes uniform. Note: In the following sections, the entropies are calculated using the normalized strain-energy density, and a description thereof will not be repeated.
Evaluation Model of Contact Strain-Energy Distribution
To evaluate the contact strain-energy distribution comprehensively, an evaluation model is established. In the model, the uniformity of the contact strain-energy distribution is evaluated in three levels, by overall entropy, regional entropy, and local entropy. The difference between the three levels of entropy evaluation is the range of the strain energy. In the first level, the overall entropy is the overall evaluation of the strain-energy distribution of the entire mating surface. The entire mating surface includes the direct contact area, contact impact area (which does not have direct contact but is affected by deformations of the surrounding area), and non-impact area (which does not have direct contact and is not affected by deformations of the surrounding area). Although the evaluation of this level only roughly reveals the influence of the strain-energy distribution on the final assembly accuracy, when the results of the overall entropy show that the strain-energy distribution is good enough, it is not necessary to perform the following more detailed evaluations of the other levels. In the second level, the regional entropy is the evaluation of the strain-energy distribution of the direct contact area and the contact impact area. Similarly, when the results of the regional entropy show that the strain-energy distribution is good enough, it is no necessary to perform the last evaluation level. Otherwise, the local entropy should be calculated in the last evaluation level, which is the evaluation of the strain-energy distribution of the direct contact area and reflects the influence of the strain-energy distribution on the final assembly accuracy maximally. After performing the three levels of evaluation, a comprehensive evaluation index is obtained as follows.
where H M is the weighted average entropy, and α, β, and γ are the weights. According to the contribution of each evaluation level in predicting the influence of the strain-energy distribution on the final assembly accuracy, the weights should be satisfied with α < β < γ. In addition, the values of the weights should be considered in accordance with the processing technology, materials, and assembly parameters of the parts. H 0s is the overall entropy for evaluating the distribution of the contact strain energy of the PSL, which is the primary level of evaluation. If H 0s indicates that the distribution of the contact strain energy is uniform (H 0s > 0.8), the weights of α, β, and γ can be taken as α = 1, β = 0, and γ = 0. On the contrary, if H 0s indicates that the distribution is nonuniform (H 0s ≤ 0.8), a second level of evaluation needs to be carried out to further analyze the degree of nonuniformity. The regional entropy H rs is calculated for the second level of evaluation to analyze the uniformity of the distribution of the contact strain energy within the contact and potential contact deformation regions. If H rs > 0.9, the weights can be set as α = 0.2-0.3, β = 0.7-0.8, and γ = 0. As the overall entropy is a basic evaluation of the distribution of the contact strain energy, the value of α is relatively small. As the regional entropy H rs reflects the distribution of the contact strain energy in the contact and potential contact deformation regions, the value of β is referenced to the Young's modulus of the material. A material with a small elastic modulus takes a large value of β, and a material with a large elastic modulus takes a small value of β. If H rs ≤ 0.9, a third level of evaluation needs to be conducted to analyze the distribution of the contact strain energy on the direct contact area. After the calculation of the local entropy H cs , the weights can be set as α = 0.15-0.2 and β = 0.2-0.35. β depends on the material, for example, β = 0.3 for aluminum, and β = 0.25 for iron. As the local entropy H cs reflects the state of the distribution of the contact strain energy directly, the value of γ is more than or equal to 0.5. Figure 4 shows the specifics of the evaluation model for the distribution of contact strain energy. 
Methodology
Primary Evaluation of Contact Strain-Energy Distribution
According to the entropy evaluation method, prior to the calculation of the overall entropy, the strain-energy density of the contact surfaces of the parts is first obtained.
Strain-Energy Density Extraction of the Contact Surfaces of the Parts in the Assembly
Because of the existence of form error, there are peaks and valleys on the PFE. Contact mainly occurs between the peaks and valleys. Only by obtaining the actual properties of the contact surfaces of the parts and developing the contact model with such parts, we can reflect the actual contact state in the assembly. Figure 5 shows the process for evaluating the strain-energy density. First, a series of measuring points characterizing the surface form error of the PFE are measured using a coordinate measuring machine (CMM). Then, the PFE is reconstructed based on the method of Bi-cubic B-spline surface interpolation using the point coordinate values measured by CMM [34] in order to develop a 3D solid model of the part. Thereafter, the assembly model is built by assembling an ideal part onto the part, and the PFE becomes the contact surface of the assembly. Finally, the assembly model is divided into elements by finite element simulation software. To ensure the accuracy of the extraction of the strain-energy density, the density of the element division grid must be greater than the density of the measurement grid, as shown in Figure 6 . For precisely machined surfaces, the plane form error is very small (even less than 5 μm); to display the uneven height of surfaces, Z coordinate values of the PFE are magnified 100 times (shown in Figure 6 ). Hereafter, we always use this display method. A general milling part is taken as an example. 
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Because of the existence of form error, there are peaks and valleys on the PFE. Contact mainly occurs between the peaks and valleys. Only by obtaining the actual properties of the contact surfaces of the parts and developing the contact model with such parts, we can reflect the actual contact state in the assembly. Figure 5 shows the process for evaluating the strain-energy density. First, a series of measuring points characterizing the surface form error of the PFE are measured using a coordinate measuring machine (CMM). Then, the PFE is reconstructed based on the method of Bi-cubic B-spline surface interpolation using the point coordinate values measured by CMM [34] in order to develop a 3D solid model of the part. Thereafter, the assembly model is built by assembling an ideal part onto the part, and the PFE becomes the contact surface of the assembly. Finally, the assembly model is divided into elements by finite element simulation software. To ensure the accuracy of the extraction of the strain-energy density, the density of the element division grid must be greater than the density of the measurement grid, as shown in Figure 6 . For precisely machined surfaces, the plane form error is very small (even less than 5 μm); to display the uneven height of surfaces, Z coordinate values of the PFE are magnified 100 times (shown in Figure 6 ). Hereafter, we always use this display method. A general milling part is taken as an example. First, a series of measuring points characterizing the surface form error of the PFE are measured using a coordinate measuring machine (CMM). Then, the PFE is reconstructed based on the method of Bi-cubic B-spline surface interpolation using the point coordinate values measured by CMM [34] in order to develop a 3D solid model of the part. Thereafter, the assembly model is built by assembling an ideal part onto the part, and the PFE becomes the contact surface of the assembly. Finally, the assembly model is divided into elements by finite element simulation software. To ensure the accuracy of the extraction of the strain-energy density, the density of the element division grid must be greater than the density of the measurement grid, as shown in Figure 6 . For precisely machined surfaces, the plane form error is very small (even less than 5 µm); to display the uneven height of surfaces, Z coordinate values of the PFE are magnified 100 times (shown in Figure 6 ). Hereafter, we always use this display method. A general milling part is taken as an example. In the following contact simulation analysis, an appropriate uniform pressure load, which will not generate plastic deformation, is applied on the top surface of the mating part. Then, the strain energy density can be calculated using the values of stress, strain, and volume for each element. Figure 7 shows the contact stress contour of the evaluation part (the ideal part of the top is not displayed). 
The Overall Entropy Calculation
The contact strain-energy distribution of the PSL is primarily evaluated. The calculation method of the overall entropy evaluation is as follows:
The overall entropy, H0, of the PSL is calculated using 
The normalized overall entropy can be expressed as
If H0s is very close to 1, it indicates that the strain energy densities of the elements of the PFE are close to each other, which implies that the uniformity of the contact strain-energy distribution is sufficient. If H0s indicates that the uniformity of the contact strain-energy distribution is insufficient, the following analysis should be conducted.
Regional Evaluation of Contact Strain-Energy Distribution
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The Overall Entropy Calculation
The overall entropy, H 0 , of the PSL is calculated using
If H 0s is very close to 1, it indicates that the strain energy densities of the elements of the PFE are close to each other, which implies that the uniformity of the contact strain-energy distribution is sufficient. If H 0s indicates that the uniformity of the contact strain-energy distribution is insufficient, the following analysis should be conducted.
Regional Evaluation of Contact Strain-Energy Distribution
In the assembly process, the actual contact area between the parts is considerably smaller than the nominal contact area. When a part with PFE mates with another part with an ideal surface, it can be seen as the contact between an ideal surface and a finite number of convex hulls on the PFE. Moreover, contact deformation, which causes the assembly error, mainly occurs in the convex hulls contacted in assembly. Therefore, convex hulls on the PFE, which are the contact and potential contact deformation regions, should be searched.
Convex Hull Search
To search all the convex hulls on the surface, we defined the CHI previously, and the location of the CHI needs to be determined first.
Cross planes, which pass through the convex hulls, are defined as a series of planes, parallel to the X-O-Y plane with the same size as that of the PFE. An appropriate initial position of the cross planes σ and the distance between the cross planes ∆z are selected according to the Z coordinate values of the measuring points. The cross plane is named as the jth cross plane (j = 1, 2, 3 . . . ) with respect to height, from highest to lowest. The height of the jth cross plane can be calculated as
where z max is the maximum value of z for the measuring points on the PFE. All the measuring points are projected on each cross plane beneath them. That is, if a measuring point is under the cross plane, which is z i < h j , it will have no projection on the cross plane. Thereafter, projection points on the CHI are divided into several clusters using the iterative self-organizing data-analysis technique algorithm (ISODATA) [35] . Each cluster consists of a convex hull. The convex hulls composed by projected points on the 1st to 8th cross planes for the milling part surface mentioned previously with a size of 115 × 50 mm are shown below (Figure 8 ). σ and ∆z take the values 0.01 and 0.001, respectively. The rectangles show the outline of the section cross-plane, and the circles show the convex hull clustered by the projected points. be seen as the contact between an ideal surface and a finite number of convex hulls on the PFE. Moreover, contact deformation, which causes the assembly error, mainly occurs in the convex hulls contacted in assembly. Therefore, convex hulls on the PFE, which are the contact and potential contact deformation regions, should be searched.
Cross planes, which pass through the convex hulls, are defined as a series of planes, parallel to the X-O-Y plane with the same size as that of the PFE. An appropriate initial position of the cross planes σ and the distance between the cross planes Δz are selected according to the Z coordinate values of the measuring points. The cross plane is named as the jth cross plane (j = 1, 2, 3…) with respect to height, from highest to lowest. The height of the jth cross plane can be calculated as
where zmax is the maximum value of z for the measuring points on the PFE. All the measuring points are projected on each cross plane beneath them. That is, if a measuring point is under the cross plane, which is zi < hj, it will have no projection on the cross plane. Thereafter, projection points on the CHI are divided into several clusters using the iterative self-organizing data-analysis technique algorithm (ISODATA) [35] . Each cluster consists of a convex hull. The convex hulls composed by projected points on the 1st to 8th cross planes for the milling part surface mentioned previously with a size of 115 × 50 mm are shown below (Figure 8 ). σ and Δz take the values 0.01 and 0.001, respectively. The rectangles show the outline of the section cross-plane, and the circles show the convex hull clustered by the projected points. The area ratio of the convex hulls, the entire cross plane k, and the convex hull number p for each cross plane are calculated. With the decrease in the height of the cross plane, p and k change, as shown in Figure 9 . The area ratio of the convex hulls, the entire cross plane k, and the convex hull number p for each cross plane are calculated. With the decrease in the height of the cross plane, p and k change, as shown in Figure 9 . The CHI should have relatively large values for p and k. Before the 4th cross plane, the convex hull number p is relatively small, which indicates that these cross planes pass through several highconvex hulls. With the height of the cross plane further decreasing, p and k increase accordingly. After the 6th cross plane, k still increases, but p decreases, which reveals that a convex hull fusion occurred. When the fusion occurred, the cross planes pass through the base layer of the part; hence, the points on these cross planes are composed of the base rather than the convex hulls. For the 5th and 6th cross planes, the 6th cross plane has the same p, but a larger value of k as compared to that of the 5th cross plane, which indicates that the 6th cross plane is closer to the bottom of the convex hulls. Overall, the 6th cross plane is determined as the CHI.
It should be noted that if the surface of the parts were an inclined plane or had a direct current (DC) component characteristic, the determination of the CHI would be affected by the DC component. To search the convex hull accurately for further evaluation, the DC component should first be removed from the measuring points.
Regional Entropy Calculation
The convex hulls have been searched, as observed in Section 3.2.1 (the milling part mentioned above). According to the position and size of the convex hulls shown in Figure 8f , the elements composing the convex hull at the contact surface ( Figure 7 ) can be extracted.
Furthermore, Hr can be calculated using the strain energy densities of these elements. 
where mr is the number of elements composing the convex hulls, and wri′ is the normalized strainenergy density of these elements. The corresponding maximum entropy can be calculated as 
If the distribution of the height and the location of the convex hulls are uniform, the convex hulls more equally bear the assembly force. Therefore, the strain energy distribution within the convex hulls is more uniform, without stress concentration and large contact deformation, and Hrs is larger. Otherwise, if the distribution of the height and location of the convex hulls are uneven, the assembly The CHI should have relatively large values for p and k. Before the 4th cross plane, the convex hull number p is relatively small, which indicates that these cross planes pass through several high-convex hulls. With the height of the cross plane further decreasing, p and k increase accordingly. After the 6th cross plane, k still increases, but p decreases, which reveals that a convex hull fusion occurred. When the fusion occurred, the cross planes pass through the base layer of the part; hence, the points on these cross planes are composed of the base rather than the convex hulls. For the 5th and 6th cross planes, the 6th cross plane has the same p, but a larger value of k as compared to that of the 5th cross plane, which indicates that the 6th cross plane is closer to the bottom of the convex hulls. Overall, the 6th cross plane is determined as the CHI.
The convex hulls have been searched, as observed in Section 3.2.1 (the milling part mentioned above). According to the position and size of the convex hulls shown in Figure 8f , the elements composing the convex hull at the contact surface ( Figure 7) can be extracted.
Furthermore, H r can be calculated using the strain energy densities of these elements.
w ri log 2 w ri (13) where m r is the number of elements composing the convex hulls, and w ri is the normalized strain-energy density of these elements. The corresponding maximum entropy can be calculated as
The normalized regional entropy can be calculated as
If the distribution of the height and the location of the convex hulls are uniform, the convex hulls more equally bear the assembly force. Therefore, the strain energy distribution within the convex hulls is more uniform, without stress concentration and large contact deformation, and H rs is larger. Otherwise, if the distribution of the height and location of the convex hulls are uneven, the assembly contact points could bear unequal assembly forces and produce unequal deformations, which will generate additional assembly errors and reduce the assembly accuracy. Therefore, as the uniformity of the contact strain-energy distribution within the region of the convex hulls increases, there would be better assembly accuracy.
Local Evaluation of Contact Strain-Energy Distribution
The assembly error produced in the process of assembly is more relevantly reflected by the strain-energy distribution of the direct-contact area. The local contact strain-energy distribution is evaluated to analyze the uniformity of the contact strain-energy distribution of the direct contact area in the assembly (the highlighted area in the contact-stress contour, as shown in Figure 7) . The local entropy H c is calculated using the strain energy densities of the direct contact elements in the assembly.
where m c is the number of elements in the direct contact area, and w ci is the normalized strain-energy density of these elements. The corresponding maximum entropy can be calculated using
The normalized local entropy can be calculated using
If the local contact strain-energy distribution is more uniform, it indicates that there are no evident stress concentration and uneven deformations, and H cs will be larger. As uneven deformation produces additional assembly error and reduces the assembly accuracy, few uneven deformations and less tress concentration are advantageous to obtain better assembly accuracy.
Experimental Verification
Experimental Setup
To verify the effectiveness of the evaluation method, five groups of assemblies are designed. Figure 10 shows the assembly of two components, which are both axisymmetric. The surface M A of part A contacts with the surface M B of part B. The two mating surfaces are identical and plane circular, with a diameter of 62 mm. The two components are fastened together by four clamping bolts with preloads of F 1 , F 2 , F 3 , and F 4 . The material of part A is carbon steel treated with quenching and tempering processes. The flatness of the surface M A is designed to be 5 µm. The material of part B is 7075 aluminum.
The assembly accuracy requirement is the coaxiality between the cylindrical surface A of part A and the cylindrical surface B of part B; the coaxiality is denoted by Ω, which is used as the verification index to characterize the assembly accuracy. We first installed the two pins for a rough positioning of the parts. We then moved away the pins. To avoid the positioning error, after the pins are moved away, we narrowly adjusted the position of the two parts in such a way that the coaxiality of the surfaces A and B is within 3 µm. Thereafter, we used the torque wrench (Motive-ZDP20, ± T·0.3%) to apply equivalent preloads (0.6 N·m) for all the four bolts. Thereafter, we measured the value of Ω. Hence, the coaxiality between the surfaces A and B is only affected by the form errors of the mating surfaces and the contact deformations. 
Comparison between Assembly Accuracy Prediction and Experimental Results
Coordinate measurements of mating surfaces for part B are carried out by CMM"PMM12106G", whose measurement uncertainty is (0.6 ± L/600) μm. We only focused on the Z coordinate values of all the measurement points, and the total standard deviations of the measurement data are between 10 μm to 20 μm; therefore, the measurement uncertainty can be ignored [36] . The actual flatness errors of surface MB of part B for each group are measured, as presented shown in Table 1 . Thereafter, the 3D solid models of part B are developed, as displayed in Figure 11 . In addition, we also measured the flatness and roughness of surface MA of part A. The flatness is around 5 μm and the roughness is around Ra = 0.4 μm. To obtain the strain energy, the contact state is analyzed by FEM. The simulation parameters and boundary conditions are shown in Table 2 . 
Coordinate measurements of mating surfaces for part B are carried out by CMM"PMM12106G", whose measurement uncertainty is (0.6 ± L/600) µm. We only focused on the Z coordinate values of all the measurement points, and the total standard deviations of the measurement data are between 10 µm to 20 µm; therefore, the measurement uncertainty can be ignored [36] . The actual flatness errors of surface M B of part B for each group are measured, as presented shown in Table 1 . Thereafter, the 3D solid models of part B are developed, as displayed in Figure 11 . In addition, we also measured the flatness and roughness of surface M A of part A. The flatness is around 5 µm and the roughness is around Ra = 0.4 µm. 
Coordinate measurements of mating surfaces for part B are carried out by CMM"PMM12106G", whose measurement uncertainty is (0.6 ± L/600) μm. We only focused on the Z coordinate values of all the measurement points, and the total standard deviations of the measurement data are between 10 μm to 20 μm; therefore, the measurement uncertainty can be ignored [36] . The actual flatness errors of surface MB of part B for each group are measured, as presented shown in Table 1 . Thereafter, the 3D solid models of part B are developed, as displayed in Figure 11 . In addition, we also measured the flatness and roughness of surface MA of part A. The flatness is around 5 μm and the roughness is around Ra = 0.4 μm. To obtain the strain energy, the contact state is analyzed by FEM. The simulation parameters and boundary conditions are shown in Table 2 . Table 2 . Simulation parameters and boundary conditions.
Terms Parameters Values
Software setting To obtain the strain energy, the contact state is analyzed by FEM. The simulation parameters and boundary conditions are shown in Table 2 .
Because the flatness of the contact surface of part A is relatively good, it is regarded as an ideal surface for FEM simulation. The preload value can be calculated by the following equation,
where T is torque (T = 0.6 N·m); F is the preload of bolts (N); λ is the torque coefficient (here we take λ = 0.2) [37] ; and d is the bolt diameter (d = 4 mm). The simulation model and stress contours are shown in Figure 12 . Because the flatness of the contact surface of part A is relatively good, it is regarded as an ideal surface for FEM simulation. The preload value can be calculated by the following equation,
where T is torque (T = 0.6 N•m); F is the preload of bolts (N); λ is the torque coefficient (here we take λ = 0.2) [37] ; and d is the bolt diameter (d = 4 mm). The simulation model and stress contours are shown in Figure 12 .
(a) (b) Thereafter, the strain-energy density is extracted. Figure 13 shows the assembly-contact stress contours of the PSL. The convex-hull searching is carried out. Figure 14 shows the results. Thereafter, the strain-energy density is extracted. Figure 13 shows the assembly-contact stress contours of the PSL. The convex-hull searching is carried out. Figure 14 shows the results. Because the flatness of the contact surface of part A is relatively good, it is regarded as an ideal surface for FEM simulation. The preload value can be calculated by the following equation,
(a) (b) Thereafter, the strain-energy density is extracted. Figure 13 shows the assembly-contact stress contours of the PSL. The convex-hull searching is carried out. Figure 14 shows the results. Thereafter, we calculate the overall entropy, the regional entropy, and the local entropy for each group of assemblies. In addition, according to the processing technology, material, and assembly parameters of the parts, the values of the weights are set as α = 0.2, β = 0.3, and γ = 0.5. Then, the comprehensive entropy evaluation index can be expressed as follows:
Ultimately, the coaxiality between the cylindrical surfaces A and B is measured using the Mitutoyo Round Test RA-1500, and the measurement uncertainty of which is ±0.02 μm (shown in Figure 15 ), the measurement results of which are shown in Figure 16 . Table 3 lists the results of the evaluation of entropies and experiments. Thereafter, we calculate the overall entropy, the regional entropy, and the local entropy for each group of assemblies. In addition, according to the processing technology, material, and assembly parameters of the parts, the values of the weights are set as α = 0.2, β = 0.3, and γ = 0.5. Then, the comprehensive entropy evaluation index can be expressed as follows:
Ultimately, the coaxiality between the cylindrical surfaces A and B is measured using the Mitutoyo Round Test RA-1500, and the measurement uncertainty of which is ±0.02 µm (shown in Figure 15 ), the measurement results of which are shown in Figure 16 . Table 3 Thereafter, we calculate the overall entropy, the regional entropy, and the local entropy for each group of assemblies. In addition, according to the processing technology, material, and assembly parameters of the parts, the values of the weights are set as α = 0.2, β = 0.3, and γ = 0.5. Then, the comprehensive entropy evaluation index can be expressed as follows:
Ultimately, the coaxiality between the cylindrical surfaces A and B is measured using the Mitutoyo Round Test RA-1500, and the measurement uncertainty of which is ±0.02 μm (shown in Figure 15 ), the measurement results of which are shown in Figure 16 . Table 3 lists the results of the evaluation of entropies and experiments. According to the results obtained by the evaluation model, the results of the comprehensive entropy evaluation of the five groups of assemblies show that the comprehensive evaluation index HM of Group 2 is the largest; it is the smallest for Group 5. It indicates that when these groups of parts are assembled, Group 2 will gain the best assembly accuracy, and Group 5 will obtain the worst assembly accuracy. According to the experimental results of the verification index Ω, which is the characterization of the assembly accuracy, it precisely confirmed the prediction; the coaxiality of Group 2 is the smallest, and the coaxiality of Group 5 is the largest. In addition to the coaxialities of the experimental results, it can also make a qualitative interpretation of assembly accuracy from the contact stress contour ( Figure 13 ) and the searching results of the convex hulls of the mating parts ( Figure 14) . Figure 13 reveals that stress concentrations occur in Group 5, and the convex hull position distribution of Group 5 is not uniform. Moreover, the stress concentration and non-uniformity of the convex hull position distribution will cause unsymmetrical and uneven assembly-contact deformations, which will significantly reduce the assembly accuracy. In contrast, Group 2 does not show significant stress concentration, and its convex hull distribution is relatively uniform. Therefore, Group 2 does not produce large assembly errors and obtains good assembly accuracy. In summary, the above results verify that the prediction method of assembly accuracy proposed in this paper is reliable and effective.
It should be noted that, if we take the values of weights as α = 0.15, β = 0.3, and γ = 0.55 within their range of values, the prediction results are still in agreement with the experiment results. In addition, it can be seen from Tables 1 and 3 that the surface flatness cannot be used to predict the assembly accuracy, because the flatness of the five groups of parts is almost the same, but their assembly accuracy is very different. Therefore, the evaluation method for predicting the assembly accuracy proposed in this paper is reasonable and effective.
Conclusions
1. This paper has proposed an entropy-based method to evaluate the contact strain-energy distribution for predicting assembly accuracy. The strain energy is used to characterize the effects According to the results obtained by the evaluation model, the results of the comprehensive entropy evaluation of the five groups of assemblies show that the comprehensive evaluation index H M of Group 2 is the largest; it is the smallest for Group 5. It indicates that when these groups of parts are assembled, Group 2 will gain the best assembly accuracy, and Group 5 will obtain the worst assembly accuracy. According to the experimental results of the verification index Ω, which is the characterization of the assembly accuracy, it precisely confirmed the prediction; the coaxiality of Group 2 is the smallest, and the coaxiality of Group 5 is the largest. In addition to the coaxialities of the experimental results, it can also make a qualitative interpretation of assembly accuracy from the contact stress contour ( Figure 13 ) and the searching results of the convex hulls of the mating parts ( Figure 14) . Figure 13 reveals that stress concentrations occur in Group 5, and the convex hull position distribution of Group 5 is not uniform. Moreover, the stress concentration and non-uniformity of the convex hull position distribution will cause unsymmetrical and uneven assembly-contact deformations, which will significantly reduce the assembly accuracy. In contrast, Group 2 does not show significant stress concentration, and its convex hull distribution is relatively uniform. Therefore, Group 2 does not produce large assembly errors and obtains good assembly accuracy. In summary, the above results verify that the prediction method of assembly accuracy proposed in this paper is reliable and effective.
1.
This paper has proposed an entropy-based method to evaluate the contact strain-energy distribution for predicting assembly accuracy. The strain energy is used to characterize the effects of the combination of form errors and contact deformation on the formation of assembly errors. In addition, entropy is employed to evaluate the distribution uniformity of the strain
energy. An evaluation model is built. The primary evaluation is first carried out, and regional and local entropy analyses are further implemented when the primary evaluation index is not satisfied. Finally, based on these calculation and analyses, a comprehensive evaluation index is obtained.
2.
The form error of the real surfaces of the assembly parts and the contact deformations are considered. The 3D, solid model is developed. Moreover, the convex hull interface is defined, and all the convex hulls on the surface are searched. The FEM is used to analyze the assembly contact state subjected to the assembly forces. Ultimately, the coaxiality between the surfaces of the two parts with assembly accuracy requirements is assigned as the verification index for characterizing the assembly accuracy. 3.
Through the comparison between the predicted results of the comprehensive evaluation index and the verification index obtained by the experiments, it is shown that the evaluation method of the contact strain-energy distribution for predicting the assembly accuracy proposed in this study is reliable and effective.
